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On the local-global divisibility of torsion
points on elliptic curves and GL2-type
varieties
Florence Gillibert ∗, Gabriele Ranieri †
Abstract
Let p be a prime number and let k be a number field. Let E be
an elliptic curve defined over k. We prove that if p is odd, then the
local-global divisibility by any power of p holds for the torsion points
of E. We also show with an example that the hypothesis over p is
necessary.
We get a weak generalization of the result on elliptic curves to
the larger family of GL2-type varieties over k. In the special case of
the abelian surfaces A/k with quaternionic multiplication over k we
obtain that for all prime p, except a finite number depending on A,
the local-global divisibility by any power of p holds for the torsion
points of A.
1 Introduction
Let k be a number field and let A be a commutative algebraic group defined
over k. Several papers have been written on the following classical question,
known as Local-Global Divisibility Problem.
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Introduction 2
Problem: Let P ∈ A(k) and q be a positive integer. Assume that for
all but finitely many valuations v of k, there exists Dv ∈ A(kv) such that
P = qDv. Is it possible to conclude that there exists D ∈ A(k) such that
P = qD?
By Be´zout’s identity, to get answers for a general integer it is sufficient to
solve it for powers pn of a prime. In the classical case of A = Gm, the
answer is positive for any number field for p odd, and negative for instance
for k = Q and q = 8 (and P = 16) (see for example [AT], [T]).
For general commutative algebraic groups, Dvornicich and Zannier gave
a cohomological interpretation of the problem (see [DZ], [DZ2] and [DZ3])
that we shall explain. Let Γ be a group and let M be a Γ-module. We
say that a cocycle Z : Γ → M satisfies the local conditions if for every
γ ∈ Γ there exists mγ ∈ M such that Zγ = γ(mγ) − mγ . The set of
the classes of the cocycles in H1(Γ,M) that satisfy the local conditions
is a subgroup of H1(Γ,M). We call it the first local cohomology group
H1loc(Γ,M). Equivalently,
H1loc(Γ,M) = ∩C≤Γ ker(H1(Γ,M)→ H1(C,M)),
where C varies among the cyclic subgroups of Γ and the above maps are
the restrictions. Dvornicich and Zannier [DZ, Proposion 2.1] proved the
following result.
Proposition 1. Let p be a prime number, let n be a positive integer, let k
be a number field and let A be a commutative algebraic group defined over
k. If H1loc(Gal(k(A[p
n])/k),A[pn]) = 0, then the local-global divisibility by
pn over A(k) holds.
The converse of Proposition 1 is not true. However, in the case when the
group H1loc(Gal(k(A[p
n])/k),A[pn]) is not trivial, we can find an extension L
of k such that L and k(A[pn]) are linearly disjoint over k, and such that the
local-global divisibility by pn over A(L) does not hold (see [DZ3, Theorem
3] for the details).
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The local-global divisibility problem has been studied in two interesting
families of commutative algebraic groups: the algebraic tori (see [DZ] and
[I]) and the elliptic curves (see [DZ], [DZ2], [DZ3], [P], [PRV], [PRV2]). Let
p be a prime number, let k be a number field and let E be an elliptic curve
defined over k. Dvornicich and Zannier (see [DZ3, Theorem 1]) found a
criterion for the validity of the local-global divisibility by a power of p over
E(k). In [PRV] and [PRV2] Paladino, Viada and the second author refined
this criterion. In particular they proved that for every positive integer
r, there exists a constant C(r), only depending on r, such that for every
number field k of degree ≤ r, for every elliptic curve E defined over k,
for every prime number p > C(r), and for every n ∈ N, the local-global
divisibility by pn holds for E(k) (see [PRV, Theorem 1 , Corollary 2]). As
we shows in this article (cf. our Theorem 2 below) if we restrict our study
to the torsion points of an elliptic curves E defined over a number field k
we obtain a stronger result. In fact we show that for any odd prime p and
any n ∈ N, the local-global divisibility by pn holds for the torsion points of
E(k).
In this paper, we focus on a particular family of abelian varieties (the
GL2-type varieties), but we restrict our study of the validity of the local-
global divisibility principle to the torsion points. Elliptic curves are an
important particular case of GL2-type varietes, and so we devote a section
to study it. More precisely, we prove the following result.
Theorem 2. Let E be an elliptic curve defined over a number field k. Let
p be an odd prime number. Then the local-global divisibility by any power
of p holds for the torsion points of E.
An abelian variety defined over a number field k is said to be of GL2-type
if there is an embedding φ : E →֒ Endk(A)⊗Q, where E is a number field
such that [E : Q] = dim(A) (see [R, Chapter 2, Chapter 5]). Let OE be
the ring of the algebraic integers of E. Then R = E ∩ φ−1 (Endk(A)⊗ Z)
is an order of OE which is isomorphic to some subring of Endk(A) via φ.
Following [R, Chapter 2], we say that a prime number is good for A if it
does not divide the index [OE : R] (the notion of good depends also on E).
We prove the following result, generalizing the result on elliptic curves.
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Theorem 3. Let A be a GL2-type variety defined over a number field k. Let
E be a number field of degree dim(A) that embeds into Endk(A)⊗Q. Let p
be a good odd prime number, such that p splits completely in E. Then the
local-global divisibility by any power of p holds for the torsion points of A.
Observe that for every number field F of degree ≥ 2 there are infinitely
many prime numbers p such that (p) does not split completely in F . Then,
if only one number field E of degree equal to to the dimension of A embeds
into Endk(A)⊗Q, to apply Theorem 3 we need to exclude infinitely many
prime numbers. We now study a case where the number field E is not
unique and we can exclude only a finite number of prime numbers.
Suppose that Endk(A) is an order in a quaternion algebra. Then we say
that A is an abelian variety with quaternionic multiplication over k. In the
special case where A is of dimension 2 and it has quaternionic multiplication
over k by an order O in an indefinite quaternion algebra B/Q, we have the
following result.
Corollary 4. Let B be an indefinite quaternion algebra over Q. Let A/k
be an abelian variety of dimension 2 such that Endk(A) is isomorphic to an
order O of B. Let Om be a maximal order of B such that O ⊆ Om. Let
p 6= 2 be a prime number such that p does not divide the discriminant D of
the quaternion algebra B, and p does not divide the index M = [Om : O].
For any n ≥ 1 the local-global divisibility by pn holds for torsion points of
A.
For abelian varieties A/k of higher dimension with quaternionic multi-
plication, we would exclude infinitely many primes when applying Theorem
3. In fact A would have multiplication by a quaternion algebra B over some
number field F , and the condition F ⊆ E would just remove the infinitely
many primes numbers that do not split in F .
Here is the plan of the paper.
Let p be a prime number and let n be a positive integer. Let A be a
commutative connected algebraic group defined over a number field k. In
Section 2 we prove that if the local-global divisibility by pn does not hold
for A over k and it fails for a torsion point, then A has a torsion point of
order pn over k.
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In Section 3 we use this to make some calculations of the first local
cohomology group that allow us to prove Theorem 2 in section 4. In this
section we also show with an example that we need the hypothesis p odd in
Theorem 2.
In Section 5 we prove Theorem 3.
Finally in Section 6 we prove Corollary 4.
Aknowledgments. The first author was supported by the project
Fondecyt Iniciacio´n Number 11130409. The second author was supported
by the project Fondecyt Regular Number 1140946.
2 Preliminary results
Let p be a prime number, letm be a positive integer and let A be a connected
commutative algebraic group defined over a number field k.
Lemma 5. Suppose that there exists P ∈ A(k) a torsion point such that
P is divisible by pm over A(kv) for all but finitely many valuations v of k
and P is not divisible by pm over A(k). Then there exists Q ∈ A(k) such
that Q has order equal to the power of p dividing the order of P , and the
local-global divisibility by pm fails for Q over A(k).
Proof. Suppose that P has order lpa with l not divided by p and a ∈ N.
Then every multiple of P , and so also lP , is divisible by pm for all but
finitely many v over A(kv). Let D ∈ A(k) be such that P = pmD. Suppose
that lP is divisible by pm in A(k). Then there exists R ∈ A(k) such that
lP = pmR. But since P = pmD, we have lP = pmlD. Thus pm(R−lD) = 0,
which gives
lD = R + C
with C ∈ A[pm]. Since p does not divide l, there exists C ′ ∈ A[pm] such that
lC ′ = C. Then l(D−C ′) = R. Since R ∈ A(k), we have l(D−C ′) ∈ A(k).
Moreover pm(D − C ′) = P because C ′ ∈ A[pm]. Thus pm(D − C ′) ∈ A(k).
Since (l, pm) = 1, by Be´zout identity, we then get D−C ′ ∈ A(k). Moreover
we have already remarked that pm(D−C ′) = P . Then P is divisible by pm
in A(k), which is a contradiction
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
The following lemma gives a strong condition on the Galois action over
the p-torsion part of A. Using this condition, we shall calculate the first
local cohomology group of A[pm] as module over Gal(k(A[pm])/k).
Lemma 6. Let P ∈ A(k) be a torsion point such that the local-global di-
visibility by a power of p fails for P over A(k) and let pn be the minimal
power of p for which this occurs. Then there exists Q ∈ A(k) such that
pn−1Q = P . In particular, A admits a point of order pn defined over k.
Proof. By Lemma 5 and the fact that 0 is divisible by any power of p,
P has order divided by pr, with r ≥ 1. Since pn is minimal, there exists
Q ∈ A(k) such that pn−1Q = P . In particular Q has order divided by
pn+r−1 ≥ pn. Then A(k) has a k-rational point of order pn.

3 Computing the first local cohomology group
Let p be a prime number. For every positive integer n set V2 = (Z/p
nZ)2.
Proposition 7. Suppose that p is odd. Let n ∈ N∗ and let G be a subgroup
of GL2(Z/p
nZ) such that there exists Q ∈ V2 of order pn such that for all
g ∈ G, g(Q) = Q. Then H1loc(G, V2) = 0.
Proof. Since G fixes an element of V2 of order p
n, we can fix a basis of V2
such that every element of G can be written as(
1 f
0 c
)
for certain f ∈ Z/pnZ, c ∈ (Z/pnZ)∗. Observe that G has a unique p-
Sylow H , given by the elements of determinant congruent to 1 modulo p.
Since V2 is a p-group, the restriction H
1(G, V2) → H1(H, V2) is injective
and it induces a map of the first local cohomology groups. Then we can
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suppose that G is a p-group. Thus for every element of G, there exist
f ∈ Z/pnZ, s ∈ (Z/pnZ)∗ and k ∈ N∗, such that such an element can be
written (
1 f
0 1 + spk
)
.
Since the first local cohomology group of a module over a cyclic group is
always trivial, we can suppose that G has at least two generators. In the
following lemma we give a set of generators for G.
Lemma 8. Let i be the biggest integer such that, for every
τ =
(
1 f
0 1 + spk
)
∈ G,
we have k ≥ i, and let e ∈ N be such that(
1 pe
0 1
)
generates the group of the upper unitriangular matrices of G. Then there
exists b ∈ Z/pnZ such that G is generated by the two elements
δ =
(
1 b
0 1 + pi
)
, σ =
(
1 pe
0 1
)
.
Finally, if pe divides b, we can replace δ with(
1 0
0 1 + pi
)
.
Proof. By definition of i, there exist f ∈ Z/pnZ and s ∈ (Z/pnZ)∗ such
that
γ =
(
1 f
0 1 + spi
)
∈ G.
Since p ≥ 3 and s is invertible, (1 + spi) generates the subgroup of the
elements of (Z/pnZ)∗ congruent to 1 modulo pi. Then, there exists g ∈ N
such that (1 + spi)g ≡ 1 + pi mod (pn). Let δ = γg. We have
γg =
(
1 b
0 1 + pi
)
,
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for one b ∈ Z/pnZ. Let
τ =
(
1 f ′
0 1 + s′pk
)
∈ G.
Since k ≥ i, there exists j ∈ N such that
(1 + pi)j ≡ s′pk + 1 mod (pn).
Then τδ−j is an upper unitriangular matrix. By definition σ is the generator
of the group of the upper unitriangular matrices in G. Thus there exists an
integer c such that τδ−j = σc, which gives that τ is in the group generated
by δ and σ. Now observe that if σ is the identity, then the group has just
a generator, that is contrary with the hypothesis.
Suppose that pe divides b. Let b˜ ∈ Z be an integer in the class of b and
let h ∈ Z/pnZ be such that h is the class of −b˜/pe. Then δσh is a diagonal
matrix. Moreover {δσh, σ} still generate G because δ ∈ 〈δσh, σ〉.

By Lemma 8 we have two cases: either δ is diagonal or δ is not diagonal.
We first prove that H1loc(G, V2) = 0 in the case where δ is diagonal. Then
we use this to study the other case.
The case where δ is diagonal. Suppose that G = 〈δ, σ〉 with
δ =
(
1 0
0 1 + pi
)
, σ =
(
1 pe
0 1
)
.
Let Z be a cocycle representing a class in H1loc(G, V2). Then there exist
v, w ∈ V2 such that Zδ = δ(v)− v, Zσ = σ(w)− w. By summing to Z the
coboundary Z ′τ = τ((−v)) − (−v) for every τ ∈ G, we get a new cocycle
in the class of Z, which is 0 over δ. Then we can suppose Zδ = (0, 0).
Moreover for every (α, β) ∈ (Z/pnZ)2, we have (σ − Id)((α, β)) = (peβ, 0).
Thus we can suppose
Zδ = (0, 0), Zσ = (p
eβ, 0)
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for a certain β ∈ Z/pnZ. Since Z is a cocycle, we have Zδσ = Zδ + δZσ,
which is equal to (peβ, 0). Since the class of Z is in H1loc(G, V2), we have
Zδσ = (δσ − Id)(t) for a certain t ∈ V2. But
δσ =
(
1 pe
0 1 + pi
)
.
Then the system (δσ − Id)((x, y)) = (peβ, 0) gives{
pey ≡ peβ mod (pn)
piy ≡ 0 mod (pn)
and it should have a solution. Suppose first e ≥ i. Then pey ≡ 0 mod (pn).
Thus peβ ≡ 0 mod (pn). Then Zσ = (0, 0). Since Zδ = (0, 0), Zσ = (0, 0)
and σ, δ generate G by hypothesis, for every τ ∈ G, Zτ = (0, 0). Thus Z is
a coboundary.
Suppose now e < i. Since pey ≡ peβ mod (pn), we have piy ≡ piβ
mod (pn) and piβ ≡ 0 mod (pn). Thus Zδ = (δ − Id)((0, β)) and Zσ =
(σ − Id)((0, β)). But by Lemma 8, δ and σ generate G. Thus for every
τ ∈ G, Zτ = (τ − Id)((0, β)). Then Z is a coboundary. We have proved
that if δ is diagonal, then H1loc(G, V2) = 0.
The case when δ is not diagonal. We consider now the case in which
δ is not diagonal. Consider the subgroup G˜ of G of the τ ∈ G such that
τ =
(
1 b′
0 1 + spk
)
,
with s ∈ Z/pnZ∗, k ∈ N and pe dividing b′. Then by Lemma 8, G˜ is
generated by a diagonal matrix δ′ and by σ. The previous case shows that
H1loc(G˜, V2) = 0. Then, if Z is a cocycle representing a class in H
1
loc(G, V2),
by summing a coboundary we can suppose that Zτ = (0, 0) for every τ ∈ G˜.
Write
δ =
(
1 plm
0 1 + pi
)
with l < e (if not we are in the previous case by Lemma 8), m ∈ (Z/pnZ)∗.
Consider (α, β) ∈ V2 such that Zδ = δ((α, β)) − (α, β). Since p is odd, a
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short computation gives
δp
e−l
=
(
1 pem′
0 (1 + pi)p
e−l
)
with m′ ∈ (Z/pnZ)∗. Then δpe−l ∈ G˜. Thus
Z
δp
e−l = δp
e−l
((α, β))− (α, β) = (0, 0).
Thus peβ ≡ 0 mod (pn) and so Zσ = σ((α, β))−(α, β). Then, since δ and σ
generate G by Lemma 8 and Zδ = δ((α, β))−(α, β), Zσ = σ((α, β))−(α, β),
we get that Z is a coboundary.

4 The case of elliptic curves
In this section we prove Theorem 2. Then we show with a counterexample
that the theorem is false in the case p = 2.
Proof of Theorem 2. Suppose that there exists P ∈ E(k) a torsion
point for which the local-global divisibility by a power of p fails over k. By
Lemma 5 we can suppose that P has order a power of p. Let n be the
minimal integer such that P is divisible by pn over E(kv) for all but finitely
many primes v and P is not divisible by pn over E(k). Then, by Lemma 6,
E admits a k-rational point of order pn. Conclude by applying Propositions
7 and 1.

To construct a counterexample to Theorem 2 in the case p = 2, we first
recall the following result that we shall use also in the following section.
Proposition 9. Let A be an abelian variety defined over a number field k,
let p be a prime number and let n be a positive integer. Suppose that there
exists a cocycle Z representing a class [Z] in H1loc(Gal(k(A[p
n])/k),A[pn]),
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and [Z] 6= 0. Moreover suppose that there exists D ∈ A(K(A[pn])) such that
for every τ ∈ Gal(k(A[pn])/k), we have τ(D) = D + Zτ . Then P = pnD is
divisible by pn in A(kv) for every prime v of k not ramified over k(A[p
n]),
but P is not divisible by pn over A(k).
Proof. It is well-known. For a proof, see for instance the proof of [DZ,
Remark 2.2], or reverse the proof of [DZ, Proposition 2.1].

The following corollary, that could be interesting also in more general
cases, will be applied to find a counterexample to Theorem 2 in the case
p = 2.
Corollary 10. Let n be a positive integer, let r be an odd positive integer,
let p be a prime number and let G be a subgroup of GLr(Z/p
nZ) acting on
(Z/pnZ)r. Suppose that there exists Z : G→ (Z/pnZ)r a cocycle represent-
ing a class [Z] in H1loc(G, (Z/p
nZ)r), such that [Z] 6= 0. Suppose also that
there exists an abelian variety A of dimension d = (r + 1)/2 defined over a
number field k, such that:
1. There exist P1, P2, . . . , Pr ∈ A[pn] independent over Z/pnZ, an iso-
morphism φ : Gal(k(A[pn]/k) → G and a Z/pnZ-linear isomorphism
τ : {P1, P2, . . . , Pr} → (Z/pnZ)r, such that for all σ ∈ Gal(k(A[pn]/k)
and v ∈ {P1, P2, . . . , Pr},
φ(σ) · τ(v) = τ(σ(v));
2. There exists Q ∈ A(k(A[pn])) such that for all σ ∈ Gal(k(A[pn])/k),
we have σ(Q) = Q+ τ−1(Zφ(σ)).
Then pnQ is divisible by pn over A(kv) for all prime v not ramified over
k(A[pn]), but it is not divisible by pn over A(k).
Proof. Define W : Gal(k(A[pn])/k)→ A[pn] as W = τ−1 ◦Z ◦ φ. Since Z
is a cocycle, a simple verification shows that W is a cocycle. Let σ be in
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Gal(k(A[pn])/k) and let a be in Z/pnZ such that Zφ(σ) = φ(σ) · a−a. Then
Wσ = σ(τ
−1(a)) − τ−1(a), and so W satisfies the local conditions. Finally
observe that if W were a coboundary, then also Z should be a cobound-
ary and so W represents a nontrivial class of H1loc(Gal(k(A[p
n])/k),A[pn]).
Conclude by applying Proposition 9 with Q in the place of D and W in the
place of Z.

Before finding the counterexample for p = 2 to Theorem 2, we need the
following result on the Galois action over the p-torsion of an elliptic curve.
Lemma 11. Given a prime number p, a positive integer n and a subgroup
G of GL2(Z/p
nZ), there exists a number field k and an elliptic curve E
defined over k such that there are an isomorphism φ : Gal(k(E[pn])/k)→ G
and a Z/pnZ-linear isomorphism τ : E[pn]→ (Z/pnZ)2 such that
φ(σ) · τ(v) = τ(σ(v)). (4.1)
for all σ ∈ Gal(k(E[pn])/k) and v ∈ E[pn].
Proof. Greicius [G] found an example of an elliptic curve defined over a
cubic field such that the morphism of the absolute Galois group into GL2(Zˆ)
induced by the Galois action over the torsion points, is surjective. Zywina
showed that this is the case for most elliptic curves defined over number
fields not intersecting cyclotomic fields (see [Z]). Then there exists a number
field L and an elliptic curve E defined over L such that Gal(L(E[pn])/L)
is isomorphic to the all group of the Z/pnZ-linear automorphisms of E[pn].
Such isomorphism may be described in the following way : let τ be a Z/pnZ-
linear isomomorphism of E[pn] to (Z/pnZ)2 and let P1 respectively P2 be the
elements of E[pn] such that τ(P1) = (1, 0), respectively τ(P2) = (0, 1). For
every σ in Gal(L(E[pn])/L), there exist aσ, bσ, cσ, dσ in Z/p
nZ such that
σ(P1) = aσP1+cσP2 and σ(P2) = bσP1+dσP2. Define φ : Gal(L(E[p
n])/L)→
GL2(Z/p
nZ) the function sending σ ∈ Gal(L(E[pn])/L) to the matrix
φ(σ) =
(
aσ bσ
cσ dσ
)
.
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An easy verification shows that φ is an injective homomorphism and that
for every σ ∈ Gal(L(E[pn])/L) and v ∈ E[pn], we have φ(σ) · τ(v) = τ(σ(v)).
Moreover, since Gal(L(E[pn])/L) is isomorphic to the all group of the Z/pnZ-
linear automorphisms of E[pn], φ is an isomorphism.
Let k be the subfield of L(A[pn]) fixed by φ−1(G). Then by Galois
correspondence, Gal(k(E[pn])/k) = φ−1(G). Thus, the restriction of φ to
Gal(k(E[pn])/k) gives an isomorphism between Gal(k(E[pn])/k) and G that
satisfies the relation (4.1).

Remark 12. To prove that Theorem 2 is false for p = 2 we just need to
prove Lemma 11 in the particular case p = 2. Then, it is sufficient to prove
that there exists a number field L and an elliptic curve defined over L with
surjective 2-adic representation. We thank the referee to point out the very
interesting paper [JR]. There, see [JR, example 5.4], the authors prove that
the elliptic curve over Q given by the equation y2+y = x3−x has surjective
2-adic representation.
Proposition 13. Theorem 2 is false for p = 2.
Proof. Let G be the group (Z/8Z)∗ acting in the classical way over Z/8Z.
Then H1loc(G,Z/8Z) 6= 0 (see also [DZ]). In fact let b be a generator of
Z/8Z, and for i ∈ {1, 3, 5, 7}, call gi ∈ G such that gib = ib. The cocycle
Z : G→ Z/8Z sending g1 and g7 to 0, and g3 and g5 to 4b is not a coboundary
and its class is in H1loc(G,Z/8Z).
In order to apply corollary 10 we will work in (Z/16Z)2 as the point Q
that we will define will be a point of order 16 of some elliptic curve E defined
over a number field k. Let G16 ≤ GL2(Z/16Z) be the group〈(
3 8
0 1
)
,
(
15 0
0 1
)〉
,
and G8 ≤ GL2(Z/8Z) be the image of G16 by the homomorphism induced
by the projection Z/16Z→ Z/8Z. Then G8 is the group of{(
a 0
0 1
)
, a ∈ (Z/8Z)∗
}
.
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By Lemma 11 (see also Remark 12), there exist a number field k and
an elliptic curve E defined over k such that there exist an isomorphism
φ16 : Gal(k(E[16])/k) → G16 and a Z/16Z-linear isomorphism τ16 : E[16] →
(Z/16Z)2 such that φ16(σ)·τ16(v) = τ16(σ(v)), for every σ ∈ Gal(k(E[16])/k)
and v ∈ E[16]. Let π1 : Gal(k(E[16])/k)→ Gal(k(E[8])/k) be the morphism
sending σ ∈ Gal(k(E[16])/k) to its restriction to k(E[8]), let π2 : G16 → G8
be the homomorphism induced by the projection Z/16Z → Z/8Z, let
π3 : E[16]→ E[8] be the multiplication by 2 and let π4 : (Z/16Z)2 → (Z/8Z)2
be the projection. It is straightforward to prove that there exist unique
φ8 : Gal(k(E[8])/k) → G8 and τ8 : E[8] → (Z/8Z)2 making the following
diagrams commutative
Gal(k(E[16])/k)
φ16
//
π1

G16
π2

Gal(k(E[8])/k)
φ8
// G8
E[16]
τ16
//
π3

(Z/16Z)2
π4

E[8]
τ8
// (Z/8Z)2
Moreover, for all γ ∈ Gal(k(E[8])/k) and w ∈ E[8], we have
φ8(γ) · τ8(w) = τ8(γ(w)).
Let Q1 be τ
−1
16 ((1, 0)), let Q2 be τ
−1
16 ((0, 1)). Moreover set P1 = 2Q1
and P2 = 2Q2. Finally, let τ˜8 be the homomorphism from 〈P1〉 to Z/8Z
sendind P1 to 1 and let φ˜8 be the homomorphism from Gal(k(E[8])/k) to
(Z/8Z)∗ sending Gal(k(E[8])/k) to aσ, where σ(P1) = aσP1. Then, if we set
p = 2, n = 3, d = 2, r = 1, A = E, φ = φ˜8 and τ = τ˜8, all the hypotheses
of Corollary 10 until the point 2. hold. Then to apply Corollary 10 and
to conclude to proof, it is sufficient to find a point Q ∈ E(k(E[8])) such
that Q has order a power of 2 and, for every σ ∈ Gal(k(E[8])/k), we have
σ(Q) = Q+ τ−18 (Zφ(σ)). Let us prove that Q2 is such a point. By definition
Q2 has order 16 and so its order is a 2 power. Clearly Q ∈ E(k(E[16])).
Observe that Gal(k(E[16])/k(E[8])) is the inverse image by the isomorphism
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φ16 of the subgroup H of G16 fixing the group (2Z/16Z)
2. Then H is the
group generated by 〈(
15 0
0 1
)〉
.
ThusH fixes (0, 1) and so φ−116 (H) = Gal(k(E[16])/k(E[8])) fixes τ
−1
16 ((0, 1)) =
Q2. Thus Q2 ∈ E(k(E[8])). Finally we should prove that for all σ ∈∈
Gal(k(E[8])/k), we have σ(Q2) = Q2 + τ˜8
−1(Z
φ˜8(σ)
), but this is an easy
verification.

5 The case of a GL2-type variety
Recall that an abelian variety A defined over a number field k is said to be
of GL2-type if there exists a number field E such that [E : Q] = dim(A)
and an embedding φ : E →֒ Endk(A)⊗Q (see [R, Section 2, Section 5]). We
note OE the endomorphism ring of E. Then R = E ∩ φ−1 (Endk(A)⊗ Z) is
an order of OE and φ induce an embedding R →֒ Endk(A).
Following [R], we say that a prime number is good for A if it does not
divide the index [OE : R]. (In fact the notion of good depends also of the
choice of E if there exists more than a number field holding this property).
Ribet [R, Proposition 2.2.1] proved the following result.
Proposition 14. If p is good for A, then the Tate module Tp(A) is a free
Rp = R⊗Zp-module of rank 2; equivalently, it is a free Op = OE⊗Zp-module
of rank 2.
Then we have the following corollary.
Corollary 15. Let p be a good prime for A. Then for every positive inte-
ger n, Gal(k(A[pn])/k) is isomorphic to a subgroup of
∏
P|pGL2(OE/P
ePn),
where P is a prime of R dividing p and eP is the ramification index of P.
Proof. For every P dividing a good prime p and everym ∈ N, let A[Pm] be
the set of the elements of A(k) killed by Pm. By Proposition 14, A[pm] is iso-
morphic to (OE/p
mOE)
2. Observe (or see [R]) that A[Pm] ≃ (OE/PePmOE)2
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and A[pm] ≃ ⊕P|pA[PePm]. Since we have an injective group homomorphism
φp : Gal(k(A[p
n])/k)→ Aut(A[pn]) ≃
∏
P|p
Aut(A[PePn])
and Aut(A[PePn]) is isomorphic to a subgroup of GL2(OE/P
ePn), we con-
clude by applying the Chinese remainder Theorem.

Let p be a good prime number. Denote φP the composition between φp
(see above the proof of Corollary 15) and the projection
∏
P′|pAut(A[P
′ePn])→
Aut(A[PePn]). From now on, let us simplify our notation by putting Gp,n =
Gal(k(A[pn])/k) and GP,n = φP(Gp,n).
The following lemma tells us that, studying the local cohomology of
A[pn] is equivalent to studying the local cohomology of the GP,n-modules
A[PePn].
Lemma 16. Let p be a good prime for A and, for every prime ideal P in
R, let eP be its ramification index. Then there is an isomorphism
H1loc(Gp,n,A[p
n])→
⊕
P|p
H1loc(GP,n,A[P
ePn]).
Proof. Recall that
A[pn] ≃
⊕
P|p
(A[PePn])
as Gp,n-module. Then there is an isomorphism (see for instance [S])
H1(Gp,n,A[p
n])→
⊕
P|p
H1(Gp,n, (A[P
ePn])
that induces an isomorphism
H1loc(Gp,n,A[p
n])→
⊕
P|p
H1loc(Gp,n,A[P
ePn]).
Then it suffices to show that for every P over (p) we have an isomorphism
H1loc(GP,n, (A[P
ePn]) ≃ H1loc((Gp,n,A[PePn]).
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The inflation-restriction sequence (see [S, Section VII, Proposition 4]) that
we obtain by choosing ker(φP) as normal subgroup of Gp,n is
0→ H1(Gp,n/ ker(φP), (A[PePn])→ H1(Gp,n,A[PePn])→ H1(ker(φP),A[PePn]).
Since Gp,n/ ker(φP) is isomorphic to GP,n, the inflation induces an injective
function
H1(GP,n,A[P
ePn])→ H1(Gp,n,A[PePn]).
Moreover ker(φP) acts like the identity over A[P
ePn]. Then, the same ar-
gument in [DZ, p. 322] for proving their Proposition 2.1 shows that the
inflation induces an isomorphism
H1loc(GP,n, (A[P
ePn]) ≃ H1loc(Gp,n,A[PePn]).
This concludes the proof.

Remark 17. We make more explicit the isomorphism
H1loc(Gp,n,A[p
n])→
⊕
P|p
H1loc(GP,n,A[P
ePn])
in Lemma 16, because it will be useful in the proof of Theorem 3. Let
Z be a cocycle representing a class [Z] of H1loc(Gp,n,A[p
n]. Let πP be the
projection of A[pn] to A[PePn]. Then the image of [Z] is the sum of the
classes representing the cocycles ZP : GP,n → A[Pn] such that, for every
σ ∈ Gp,n, ZPφP(σP) = πP(Zσ).
5.1 Proof of Theorem 3 and a particular case in di-
mension 2.
In this section we prove Theorem 3. After that we show that in the special
case of GL2-type abelian surfaces A defined over a number field k such that
Endk(A) is an order in a quadratic real field E, and that all endomorphisms
of A are defined over k, the hypotesis on the inertia degree in this theorem
is necessary, for p big enough compared to A. Observe that such A is a
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GL2-type variety according to our definition. In fact, if all endomorphisms
of A are defined over k, we have Endk(A) = Endk(A). Since Endk(A) is
an order in the totally real quadratic field E, we have that E embeds into
Endk(A)⊗Q, and so Endk(A)⊗Q contains a number field of degree equal
to the dimension of A. Thus A is a GL2-type variety.
Proof of Theorem 3. Let p be an odd good prime for A that splits
completely over OE . Suppose that there exists a torsion point that is a
counterexample for the local global divisibility by a power of p over A(k).
Then by Lemma 5 there exists P ∈ A(k) of order a power of p such that
the local-global divisibility by a power of p fails for P over A(k). Let pn
be the minimal power of p for which this occurs. Then, by Lemma 6, there
exists Q ∈ A(k) such that pn−1Q = P . In particular, A admits a point
of order pn defined over k of the shape paQ. Let D ∈ A(k) be such that
pD = Q (and so pnD = P ). Then, by [DZ, Corollary 2.3], D ∈ A(k(A[pn]))
and the cocycle Z : Gp,n → A[pn] sending σ ∈ Gp,n to Zσ = σ(D) − D
represents a non-trivial class [Z] of H1loc(Gp,n,A[p
n]) (see the proof of [DZ,
Proposition 2.1]). Write P =
∑
P|p PP, Q =
∑
P|pQP and D =
∑
P|pDP
with PP ∈ A[Pb], QP ∈ A[Pb+n−1] and DP ∈ A[Pb+n] for a certain positive
integer b. By Lemma 16, we have an isomorphism
H1loc(Gp,n,A[p
n])→
⊕
P|p
H1loc(GP,n,A[P
n]).
Denote as before φP the projection of Gp,n to GP,n and πP the projection
of A[pn] to A[Pn]. Recall, see Remark 17, that the image of [Z] for this
ismorphism is the sum of the classes representing the cocycles ZP : GP,n →
A[Pn] such that, for every σ ∈ Gp,n, ZPφP(σP) = πP(Zσ). In particular, since
Zσ = σ(D)−D for every σ ∈ Gp,n, we have ZPφP(σ) = φP(σ)(DP)−DP.
Let P be such that PP = 0. Then DP ∈ A[Pn] and so ZP is the
coboundary associated to DP. Thus [Z] is in the kernel of the projection
H1loc(Gp,n,A[p
n])→⊕PP=0H1loc(GP,n,A[Pn]).
Let P be such that PP 6= 0. Since pD = Q ∈ A(k) and pn−1Q = P ,
in particular pn−1QP = PP and so GP,n fixes an element of A[P
n] of order
≥ pn. Since (p) splits completely in OE , we have that A[Pn] is isomor-
phic to (Z/pnZ)2 via an ismorphism τ , GP,n is isomorphic to a subgroup of
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GL2(Z/p
nZ) fixing an element of order pn of (Z/pnZ)2 via an isomorphism
φ, and for every v ∈ A[Pn] and σ ∈ GP,n, φ(σ) · τ(v) = τ(σ(v)). Then by
Proposition 7, we get H1loc(GP,n,A[P
n]) = 0. Thus ZP is a coboundary for
every P. But this contradicts the fact that [Z] 6= 0.

We now show that, in the particular case described above and p big
enough compared to A, the hypothesis that (p) has inertia degree 1 is nec-
essary in Theorem 3. We first need the following lemma.
Lemma 18. Let p be a prime number, let q be p2 and let α be a generator
of Fq. Let G be the subgroup of GL2(Fq), such that
G =
{
σ(λ1, λ2) =
(
1 λ1 + λ2α
0 1
)
, λ1, λ2 ∈ Fp
}
,
acting over F2q in the classical way. Then the function Z : G → F2q send-
ing σ(λ1, λ2) to (λ2, 0) is a cocycle and it represents a non-trivial class of
H1loc(G,F
2
q).
Proof. First observe that Z is a cocycle because it is a group homomor-
phism and G1 fixes the image of Z.
Let (λ1, λ2) be in (Fp)
2 with λ2 6= 0. There exists β(λ1,λ2) ∈ Fq such that
(λ1 + λ2α)β(λ1,λ2) = λ2. Then Zσ(λ1,λ2) = σ(λ1, λ2)(0, β(λ1,λ2))− (0, β(λ1,λ2)).
On the other hand if λ2 = 0, we have Zσ(λ1,λ2) = σ(λ1, λ2)(0, 0) − (0, 0).
This proves that Z satisfies the local conditions.
Finally observe that for every (x, y) ∈ F2q such that Zσ(0,1) = σ(0, 1)(x, y)−
(x, y), we have y 6= 0 and, for every (w, t) ∈ (Fp2)2 such that Zσ(1,0) =
σ(1, 0)(w, t) − (w, t), we have t = 0. Then Z is not a coboundary. This
proves that Z represents a non-trivial class in H1loc(G,F
2
q).

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We also need the following result on the Galois action over the p-torsion
points of a GL2-type surface over Q.
Lemma 19. Let A be an abelian surface defined over a number field k such
that Endk(A) is an order in a quadratic real field E, and that all endomor-
phisms of A are defined over k, then there exists a number field L containing
k and a constant C, such that for every prime number p > C, for every pos-
itive integer n there is an isomorphism φn : Gal(L(A[p
n])/L) → Gn, where
Gn is the subgroup of GL2(OE/p
nOE) of the elements with determinant in
(Z/pnZ)∗, and a OE/p
nOE-linear isomorphism τn : A[p
n] → (OE/pnOE)2
such that
φn(σ) · τn(v) = τn(σ(v)) (5.1)
for all σ ∈ Gal(L(A[pn])/L) and v ∈ A[pn].
Proof. Lombardo [L, Theorem 1.4, Corollary 1.5] proved that if A is
an abelian surface defined over a number field k such that Endk(A) is
an order in a quadratic real field E, and that all endomorphisms of A
are defined over k, then there exists a constant C such that for every
prime number p > C, for every positive integer n there is an isomorphism
φn : Gal(L(A[p
n])/L) → Gn, where Gn is the subgroup of GL2(OE/pnOE)
of the elements with determinant in (Z/pnZ)∗. The proof of the existence
of the morphism τn and the relation (5.1) is now very similar to the proof
of Lemma 11, and we omit it.

We can now show that for this class of GL2-type abelian varieties, the
hypothesis on the inertia degree in our Theorem 3 is necesary.
Proposition 20. Let A be an abelian surface defined over a number field
k such that Endk(A) is an order in a quadratic real field E, and that all
endomorphisms of A are defined over k, There exists a good prime number
p inert in OE, such that there exists a point P ∈ A(L) of order p, which
is divisible by p for all but finitely many valuations v of L, but it is not
divisible by p over A(L).
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Proof. Recall that given a number field F the set of the prime numbers
inert in F is infinite and that the set of bad primes of a GL2-type variety
is finite. Then by Lemma 19, we can choose a GL2-type surface A defined
over a number field k such that a real quadratic number field E embeds
into Endk(A) ⊗ Q, and a prime number p inert over E such that there
are isomorphisms φn : Gal(k(A[p
n])/k) → Gn, where Gn is the subgroup
of GL2(OE/p
nOE) of the elements with determinant in (Z/p
nZ)∗, and a
OE/p
n
OE-linear isomorphism τn : A[p
n]→ (OE/pnOE)2 such that
φn(σ) · τn(v) = τn(σ(v))
for all σ ∈ Gal(Q(A[pn])/Q) and v ∈ A[pn].
Since (p) is inert, OE/pOE is isomorphic to Fq, where q = p
2. Let α be
a generator of Fq. Consider the subgroup H1 of G1
H1 =
{
σ(λ1, λ2) =
(
1 λ1 + λ2α
0 1
)
, λ1, λ2 ∈ Fp
}
.
By Lemma 18 the function Z : H1 → F2q sending σ(λ1, λ2) to (λ2, 0) is a
cocycle and it represents a non-trivial class of H1loc(G,F
2
q). Consider the
injective group homomorphism ψ : (OE/pOE) → (OE/p2OE)), sending x ∈
OE modulo (p) in the class px modulo (p
2). Then define
H2 =
{
σ′(µ1, µ2) =
(
1 + pµ2 µ1 + µ2α
′
0 1
)
, µ1, µ2 ∈ Z/p2Z
}
,
where α′ ∈ OE/p2OE is such that ψ(α) = pα′. Then H2 is a subgroup of
G2. Using the notation of Lemma 19, consider the subfield L of k(A[p
2])
fixed by the group φ−1(H2). Moreover let D1 be τ
−1
2 ((1, 0)) and D2 =
τ−12 ((0, 1)). We shall prove that pD1 is in A(L), is divisible by p over
A(Lv) for all but finitely many valuations v of L, but is not divisible by
p over A(L). First of all observe that Gal(L(A[p])/L) = φ−11 (H1), and so
pD1 = τ
−1
2 ((p, 0)) = τ
−1
1 ((1, 0)) is clearly fixed by τ
−1(H1). Thus it is in
A(L). Let us observe that D1 ∈ A(L(A[p])). In fact let γ ∈ φ−12 (H2) fixing
A[p]. Thus φ2(γ) = σ
′(µ1, µ2) for some µ1 ∈ pZ/p2Z and µ2 ∈ pZ/p2Z.
Thus σ′((µ1, µ2))(1, 0) = (1, 0) and so D1 = τ
−1
2 ((1, 0)) is fixed by γ. Let
W : Gal(L(A[p])/L) → A[p] the cocycle defined by τ−11 ◦ Z ◦ φ1. It is easy
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to verify that since Z represents a non-trivial class of H1loc(H1,F
2
q), then
W represents a non-trivial class of H1loc(Gal(L(A[p])/L),A[p]). Moreover
another easy verification shows that for every δ ∈ Gal(L(A[p])/L), we have
δ(D1) = D1 + Zδ. Thus by Proposition 9, pD1 gives a counterexample to
the local-global divisibility principle by p over A(L).

Remark 21. We try to partially answer to the following two questions: let
A be a GL2-type variety defined over a number field k such that the number
field E of degree equal to the dimension of A embeds into Endk(A) ⊗ Q.
Does the local-global divisibility principle by a power of a good ramified
prime over E holds for A(k) ? Does the local-global divisibility principle by
a power of a bad prime holds for A(k)?
Suppose that (p) is a good prime ramified over OE . In this case Corollay
15 applies and so the image of the Galois representation is isomorphic to
a subgroup of GL2(OE/(p
n)). On the other hand to our knowledge there
does not exist any results on the Galois image over A[p] in the case when p
is ramified (then we do not have a lemma analogous to Lemma 19).
Suppose now that p is a bad prime. In this case Corollary 15 does
not apply and we think we should study the representation of the absolute
Galois group over GL2d(Z/p
nZ), where d is the dimension of A. Then the
problem is as difficult as studying the local-global divisibility problem for
an arbitrary abelian variety of dimension d and to our knowledge we do not
have any result analogous to Lemma 19 in this case.
6 Proof of Corollary 4
Let p 6= 2 be a prime number wich satisfies the conditions of the corollary.
We shall show that there exists an order R in a quadratic field E such that
R is optimally embedded in O and p is a good prime for R that split in E.
Observe that the condition that B is a quaternions algebra over Q indefinite
implies that the maximal orders of B are all in the same conjugacy class.
For d ∈ N such that d is not a square, let E = Q(√d) be a quadratic field.
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Let OE be the integer rings of E. By a theorem of Eichler there exists a
maximal order O′m of BD such that OE embeds maximally in O
′
m if and
only if all prime ℓ dividing the discriminant of B, ℓ does not split in E (cf.
for instance [V, thm 5.11 and cor 5.12, pp. 92 and 94] for the number of
such embeddings). An optimal embedding from OE to O
′
m is an embedding
ϕ : E → B such that ϕ−1(O′m) = OE (or equivalently ϕ(R) = O′m ∩ ϕ(E)).
As we said all maximal orders are in the same conjugacy class, so if OE
is optimally embedded in O′m it is also optimally embedded in Om. By
the Chinese remainder theorem there exists a solution not square d to the
system : 
(
d
p
)
= 1(
d
ℓ
)
= −1 for all ℓ | D ℓ 6= 2
d = 5 mod 8 if 2 | D
For this d by Eichler theorem, we have an embedding ϕ : E = Q(
√
d) → B
that is an optimal embedding from OE to Om. Recall that by hypothesis
we have : [Om : O] = M so MOm ⊆ O ⊆ Om. Let R = ϕ−1(O) then R
is an order of E and we have MOE = Mϕ
−1(Om) ⊆ ϕ−1(O) = R. So the
condition p ∤M implies that p does not divide the conductor of R.
We have shown that there exists a quadratic number field E and an em-
bedding ϕ : E → B ≃ Endk(A)⊗Q, such that p split in E and ϕ−1(Endk(A)) =
R is an order of E such that p does not divide [OE : R]. We may apply
Theorem 3, so for all n ≥ 1 the local global divisibility by pn holds for the
torsion points of A.

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